Abstract. We define and study a concrete stratification of the moduli space of Gorenstein stable surfaces X satisfying K 2 X = 2 and χ (O X ) = 4, by first establishing an isomorphism with the moduli space of plane octics with certain singularities, which is then easier to handle concretely. In total, there are 47 inhabited strata with altogether 78 components.
Introduction
One of the most important bounds on the geography of surfaces of general type is Noether's inequality 2 χ (O X ) ≤ K 2 X + 6. A minimal surface of general type satisfying equality here is said to be on the Noether line. Since they have been studied intensively by Horikawa [28] , they are also called Horikawa surfaces. The smallest possible invariants on the Noether line are K 2 X = 2 and χ (O X ) = 4 and it is a classical fact that (the canonical model of) the corresponding surfaces are doublecovers of P 2 , branched over an octic curve with at worst simple singularities, via
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the morphism defined by the canonical linear system |K X |. Conversely, a doublecover of the plane branched over an octic with at worst simple singularities gives an example of such a surface. Therefore, the Gieseker-moduli space M 2,4 of canonical models X of surfaces of general type with invariants K 2 X = 2 and χ (O X ) = 4 is in bijection with (in fact, isomorphic to) the moduli space of plane curves of degree 8 with at worst simple singularities.
The subject of this article is the study of the modular compactification M 2,4 of M 2,4 parametrising stable surfaces X with the same numerical invariants K 2 X = 2 and χ (O X ) = 4. We refer to this as the KSBA-compactification, for Kollr and Shepherd-Barron [33] and Alexeev [1] . We thereby continue the series of works by Franciosi, Pardini and Rollenske [17] [18] [19] who investigated the moduli spaces parametrising Gorenstein stable surfaces X with K 2 X = 1 using similar methods. We can only handle the Gorenstein stable surfaces since this allows us to consider the canonical map. As in the classical case, the canonical linear system |K X | defines a double-cover of the plane, branched over an octic curve; this is the content of Corollary 2.7. Conversely, if B ⊂ P 2 is a curve of degree 8 such that the pair (P, 1 2 B) is log-canonical, then the double-cover X of P 2 branched over B, which is essentially unique since Pic(P 2 ) is torsion-free, is a Gorenstein stable surface satisfying K 2 X = 2 and χ (O X ) = 4. This way, we obtain an isomorphism between the moduli spaces of those plane octics and the moduli space M This allows us to use the rich theory of plane curves and the computer algebra system Macaulay2 [20] to get some understanding of the boundary components of M 2,4 in M Gor 2,4 . More precisely, we will define a stratification of M Gor 2,4 by means of three indicators: the degree of non-normality, the number and degrees of isolated irrational singularities and whether the irrational singularities are simply elliptic or cusps. The interest in the third indicator, even though not necessary to understand the birational isomorphism type of the surface, comes from the relation with another stratification induced by the degeneration of mixed Hodge structures on H 2 (X) as defined by Green, Griffiths, Kerr, Laza and Robles [21, 22, 31, 46, 47] .
We will see that all inhabited strata are of the expected dimension, but many of the numerically characterised strata decompose further into disjoint components; this is mostly reflected by the birational types of the minimal resolutions. On the level of curves, the different components correspond to special configurations of the non-simple singularities.
Moreover, we will define a Hodge type of our surfaces under investigation (Definition 2.18). For the stratification of the locus parametrising normal surfaces, the Hodge type is constant on the strata, as shown in Proposition 4.12. For the locus of non-normal surfaces, however, this is much more complicated, as we will indicate in Example 4.17 and Example 4.18. This is why on the locus of non-normal surfaces, the stratification will not be fine enough to control the Hodge type.
The article is organised follows: In Chapter 2, we investigate the geometry of the surfaces of interest, i.e., we prove that they are canonically double-covers of the plane, discuss the singularities they may have, prove some constraints on the possible birational isomorphism types and we study the mixed Hodge structure on second cohomology.
Going back and forth between curves and branched double-covers defines an isomorphism between our moduli space of interest M Gor 2,4 and the moduli space of certain plane curves; this will be the subject of Chapter 3. This moduli space has at least one more notable compactification, due to Hacking [23] ; in Chapter 5, we will present a few remarks and questions in this direction.
Before that, in Chapter 4, we will define and study the stratification; first, for the locus parametrising normal surfaces and then for the remaining part. The full degeneration diagram would be incomprehensible, which is why we restrict the presentation to two fragments which give a sufficiently good idea of the situation.
To ease the flow of presentation, we have two appendices, one about the possible configurations of certain singularities on curves of degree 8 or 6, Appendix A, and some explanations concerning the Macaulay2-code, Appendix B. The code can be obtained from a GitLab repository [5] . I also uploaded it to http://arxive.org, accompanying the source code to this article.
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Notations and conventions.
We work with schemes over the complex numbers C. Varieties are reduced and proper schemes of finite type over C and a surface is a purely two-dimensional variety in this sense. A curve is a possibly non-reduced projective scheme, purely of dimension 1. In some places, points (of schemes) are implicitly understood as C-rational points, but this is always clear from the context. 1.1.1. Notation. Let X be a proper complex scheme of pure dimension n.
-p g (X) = h n (O X ). -p a (X) = (−1) n ( χ (O X ) − 1). -If n = 1, then deg(L) = χ (L) − χ (O X ) for all L ∈ Pic(X).
-q (X) = h 1 (O X ). -To avoid confusion between topological and holomorphic Euler characteristics, we use χ (−) only for coherent O X -modules and χ top (X) for the topological Euler characteristic of the analytification X an . -To ease notation, we use H * (X; C) := H * (X an ; C) for the singular cohomology of the analytification.
2. X is regular or double normal crossing in codimension 1, i.e., if x ∈ X is the generic point of a sub-variety of codimension one, then either O X,x is regular, or its completion O ∧ X,x with respect to the maximal ideal is isomorphic to the complete local ring C[[x, y]]/(xy). For a demi-normal scheme X, with normalisation π : X → X, the conductor locus F := supp(π * O X /O X ) ⊂ X is purely one-codimensional, reduced and π is generically a double-cover over F , as explained by Kollr [35, Section 5.1] . The ideal sheaf defining F , ann OX (π * O X /O X ) = Hom OX (π * O X , O X ), is also an ideal in π * O X which defines the conductor locus F ⊂ X in the normalisation. It is the reduced pre-image of F .
Note that a demi-normal scheme satisfies Serre's condition (S 2 ) and is Gorenstein at all points of codimension one, i.e., satisfies (G 1 ). Therefore, there is a canonical sheaf ω X and it is a divisorial sheaf which is locally free in codimension one. In particular, we can choose a canonical Weil-divisor K X which is Cartier in codimension one.
A pair (X, D) of a variety X and an effective Q-divisor D on X is semi-logcanonical if X is demi-normal, F and the support of D have no component in common, the divisor K X + D is Q-Cartier and the pair (X, π −1 * D + F ) is logcanonical (cf. Kollr [35 
, Definition 2.8]).
A variety X is semi-log-canonical if the pair (X, 0) is semi-log-canonical. In particular, the canonical divisor K X is Q-Cartier then, i.e., X is Q-Gorenstein. A stable surface is a projective, connected, semi-log-canonical surface X whose canonical divisor K X is ample. More generally, a stable log-surface is a semi-logcanonical pair (X, ∆) where X is a connected and projective surface and such that K X + ∆ is ample.
We will also need the notion of Du Bois-singularities; see Kollr [35, Chapter 6 ] for a concise introduction. Since we will ultimately be concerned with Gorenstein stable surfaces, for our purposes, it is enough to note the following two facts. For one, semi-log-canonical singularities are Du Bois, see Kollr [35, Corollary 6.32] or Kovcs, Schwede, Smith [38, Theorem 4.16] . Conversely, Du Bois-singularities which are demi-normal and Gorenstein are semi-log-canonical by Doherty [13, Theorem 4.2].
1.1.3. Stable surfaces and their normalisations-Kollr's glueing. Let X be a stable surface with normalisation π : X → X and conductor loci F ⊂ X and F ⊂ X. Then K X + F is an ample Q-Cartier divisor. Moreover, the restriction of π to F → F is generically a double-cover and after passing to normalisations F ν → F ν , it is the quotient of a Galois involution τ : F ν → F ν . The surface X can then be recovered from these data as the following diagram is a composition of push-outs: More precisely, this theorem captures when exactly the data (X, F , τ ) arise from a stable surface X (or a stable log-surface (X, ∆) in the presence of a boundary divisor ∆). Moreover, in this correspondence, X is Gorenstein if and only if the involution τ on F ν induces a fixed-point free involution on the pre-images of the nodes of Its support is the reduced union of all sub-varieties with non-trivial coefficient. If X is demi-normal, a divisor D on X is said to be well-behaved if its support and the conductor locus F ⊂ X do not share a common component. An effective Cartier divisor is a sub-scheme D ⊂ X whose ideal sheaf O X (−D) is invertible and D is said to be almost-Cartier (cf. Hartshorne [25, 26] ), if the ideal sheaf is invertible at all points of codimension one, i.e., outside a closed sub-scheme of codimension at least two. An effective almost-Cartier divisor D ⊂ X gives rise to an effective Weil divisor through C⊂X length(O D,ηC )C, where the sum runs through the integral closed sub-schemes C ⊂ X and η C ∈ C is the generic point, the length being computed as O C,ηC -module. We will, by abuse of language, call a Weil divisor almost-Cartier, if it is the difference of two effective divisors arising from almost-Cartier divisors; furthermore, it is called Cartier if the corresponding almost-Cartier generalised divisor is Cartier. As usual, a (Q-)Weil divisor is called Q-Cartier if it has an integral multiple which is Cartier. For example, if L is a divisorial sheaf on a demi-normal scheme, a regular section s ∈ H 0 (X, L) gives rise to an effective almost-Cartier divisor Z(s) with corresponding ideal sheaf im(s ∨ : L ∨ → O X ).
1.1.5. Numerical connectedness. Recall that a Gorenstein curve C is said to be numerically m-connected if for every generically Gorenstein strict sub-curve B ⊂ C,
Catanese, Hulek, Franciosi, Reid [10] ). This is a very useful generalisation of the classical notion numerical connectedness of curves on smooth surfaces.
The geometry of the surfaces
In this first chapter we investigate the geometry of Gorenstein stable surfaces X with K 2 X = 2 and χ (O X ) = 4. At first, we show that they all arise as double-covers of the plane, branched over some curve of degree 8. Then we identify the birational isomorphism types of the minimal resolutions, give characterisations of the singularities and we conclude with some results about the mixed Hodge structures on their second cohomology.
2.1. Let X be a Gorenstein stable surface with K 2 X = 2. If χ (O X ) ≥ 4, then the stable Noether inequality due to Liu and Rollenske [41] 
we conclude χ (O X ) = 4, q (X) = 0 and p g (X) = 3. Conversely, if K 2 X = 2 and p g (X) = 3, then q (X) = 0 and so χ (O X ) = 4. This will be shown in a manuscript in preparation by Franciosi, Pardini and Rollenske [16] .
2.1. The canonical linear system. The aim of this section is to show that the canonical map of a Gorenstein stable surface X satisfying K 2 X = 2 and χ (O X ) = 4 is a double-cover of P 2 branched over an octic. If X is a reducible Gorenstein stable surface, it may happen that some nontrivial section of the canonical bundle is not regular; that is, it could vanish on a component. In the case under consideration, however, this does not happen:
2.2 -Assume X is a Gorenstein stable surface with K 2 X = 2. Then X has at most two components and every non-trivial section of ω X is regular. If, in addition, p g (X) ≥ 2, then |ω X | has no fixed part and a general effective canonical divisor is well-behaved and reduced.
Proof. We consider the decomposition X = s i=1 X i into irreducible components and assume that s ≥ 2. Then there is a corresponding decomposition of the normalisation into disjoint components X = s i=1 X i where X i is the component over
2 is a sum of s positive integers, so that we have to have s = 2 and
This furthermore implies that every member of |ω X i (F i )| is reduced and irreducible.
We now show that every non-trivial section of ω X is regular, i.e., that the natural maps p i :
given by pull-back and restriction, are injective. Since ker(p 1 ) and ker(p 2 ) only have the trivial element in common, it suffices to show that they agree. To this end, note that the restriction of p 1 , to ker(p 2 ) factors through the inclusion
) (and likewise for p 2 in place of p 1 ). Thus, it suffices to prove H 0 (X i , ω X i ) = 0 for both, i = 1, 2. But (X i , F i ) is a stable log-pair with ω X i (F i ) 2 = 1 and these are classified by Franciosi, Pardini and Rollenske [18, Theorem 1.1] . From this result it follows that p g (X i ) = 0, as claimed. Alternatively, it can be shown that a nontrivial section of ω X had to be nowhere vanishing, hence
It remains to show that if p g (X) ≥ 2, then |ω X | has no fixed part and a general member is reduced and well-behaved. The generic fibre of a morphism with reduced source is reduced (see the Stacks Project [50, Tag 054Z]). Thus, if p g (X) ≥ 2, a general member of |ω X | is generically reduced, hence reduced. Moreover, an effective and reduced member of the canonical linear system is well-behaved since a section of an invertible sheaf vanishes along the conductor with even multiplicity.
Since every member of |ω X | Xi | is irreducible, if the linear system |ω X | would fix a curve C ⊂ X i , then the restriction map |ω X | → |ω X | Xi | could only be constant, mapping everything to C. But assuming dim(|ω X |) = p g (X) − 1 ≥ 1, the injective map |ω X | → |ω X | Xi | is not constant. Thus, |ω X | cannot fix a curve. This completes the proof.
The following examples show that a special canonical curve could very well be non-reduced or non-well-behaved. 2.3.
1. (A canonical curve in the conductor) When we obtain X as a union of two copies of P 2 along a quartic F ∈ |O P 2 (4)| with at worst nodal singularities, then X is a Gorenstein stable surface with K 2 X = 2 and χ (O X ) = 4 and the members of the canonical linear system are the unions of compatible lines in either plane. Therefore, if F is a union of a general line and a smooth cubic, then the corresponding line in the conductor is a member of the canonical linear system. 2. (A well-behaved, non-reduced canonical curve) Let f : X → P 2 be a doublecover branched along the union of a smooth septic and a general line (that
is, meeting the septic transversely). Then X is a normal Gorenstein stable surface with K 2 X = 2 and χ (O X ) = 4 and the (non-reduced) pre-image of the line occurs as a member of the canonical linear system on X.
In the following result we collect the most basic numerical properties of an arbitrary member of the canonical linear system.
-
Assume that X is a Gorenstein stable surface satisfying K 2 X = 2 and χ (O X ) = 4. Let C ∈ |ω X | be a canonical curve. Then the following holds.
a) The curve C is Gorenstein and has at most two components.
Proof. a) Since X is Gorenstein, every canonical curve C on X is Gorenstein. Furthermore, K X C = 2 and K X has positive degree on each component of C, so that there can be at most two such. b) By adjunction, ω C is isomorphic to the cokernel of the inclusion ω
The relevant fragment of the associated exact cohomology sequence, together with the Kodaira Vanishing Theorem for semi-log-canonical surfaces (Liu and Rollenske [40, Proposition 3 
and applying the Riemann-Roch Formula for Cartier divisors on semi-log-canonical surfaces due to Liu and Rollenske [41, Theorem
Serre duality. This readily implies deg(L) = p a (C) − 1 = 2. This completes the proof.
We aim to show: 2.5 -Let C be a general, i.e., well-behaved and reduced, canonical curve on a Gorenstein stable surface X satisfying K 2 X = 2 and χ (O X ) = 4. Then C is numerically 4-connected and honestly hyperelliptic, the double-cover C → P 1 being defined by the sections of ω X | C . Moreover, if C is reducible, then its two components are smooth rational curves.
In the proof, we will use the following result, which is well known in the smooth case. In the present version, it is presumably also well known to some experts. It follows from Rosenlicht's version of the Clifford Inequality for singular surfaces; see Rosenlicht [48, Theorem 16] for the original proof or Kleiman and Martins [32, Theorem 3.1] for a modern account and further references.
2.6 -Let C be a reduced and irreducible Cohen-Macaulay curve. An invertible sheaf L ∈ Pic(C) of degree one has at most two linearly independent global sections and if there are in fact two such, then L is globally generated and the associated morphism ϕ |L| :
Proof of Proposition 2.5. Recall from the earlier Lemmas 2.2 and 2.4 that a general member C ∈ |K X | is Gorenstein, reduced, well-behaved and has p a (C) = 3. We showed, furthermore, that
If C is irreducible, then it is clearly numerically 4-connected and if L were not globally generated, say at x ∈ C, then L(−x) were of degree one with two linearly independent sections and so we had to have C ∼ = P 1 by Lemma 2.6, in contradiction with p a (C) = 3. Thus, if C is irreducible, ϕ |L| : C → P 1 is a morphism of degree two, as claimed.
Assuming this for the moment, it follows that (C i , L| Ci ) ∼ = (P 1 , O P 1 (1)) for both i = 1, 2, by Lemma 2.6. In particular, , which had to have length deg(L| C2 ) = 1 then, in contradiction with the fact that in our case the separating conductor has to have even length: Since C is Gorenstein, the length of the separating conductor on C i is precisely deg(
, an even number. Hence, h 0 (L| C1 ) ≥ 2 and by the same argument for C 2 we also get h 0 (L| C2 ) ≥ 2. This finishes the proof.
2.7 -If X is a Gorenstein stable surface satisfying K 2 X = 2 and χ (O X ) = 4, then the canonical linear system on X is base-point free and realises X as a double-cover of P 2 which is branched over an octic.
Proof. For a general canonical curve C ∈ |K X |, the restriction ω X | C is base-point free by Proposition 2.5. Since h 1 (O X ) = q (X) = 0 by assumption (cf. Remark 2.1), the restriction map
This implies that |K X | is base-point free. Since K X is ample, the canonical map ϕ := ϕ |KX | : X → P 2 is finite and of degree K 2 X = 2. Finally, if d ∈ N is such that the branch divisor is of degree 2d, then we have to have
, which is possible only if d = 4; hence, the branch divisor is an octic. 1 The separating conductor is the conductor locus of the partial normalisation
Actually, in this particular case, where we know a-posteriori that C 1 ∼ = C 2 ∼ = P 1 , this partial normalisation is already the full normalisation and so we are talking about the usual conductor locus.
The following corollary is equivalent to the former; we present a separate proof, though, because it shows how to compute the canonical ring from the canonical ring of a general canonical curve.
2.8 -The canonical ring R(X, ω X ) of a Gorenstein stable surface X with χ (O X ) = 4 and
, where x 0 , x 1 and x 2 are of degree 1 and z is of degree 4 and where f 8 ∈ C[x 0 , x 1 , x 2 ] is a non-trivial homogeneous polynomial of degree 8.
Proof. Let x 0 ∈ H 0 (ω X ) be a general section, such that its associated canonical divisor C = (x 0 ) 0 ∈ |K X | is an honestly hyperelliptic curve of genus 3, as granted by Proposition 2.5. Then the section ring of the invertible sheaf . By Kodaira vanishing and since q (X) = 0, the restriction map R(X, ω X ) → R(C, L) is surjective and the kernel is generated by x 0 . This is easily seen to imply that the associated map C[x 0 , x 1 , x 2 , z] → R(X, ω X ) is surjective with kernel generated by z 2 − f 8 for some homogeneous
We conclude with the remark that conversely, a sufficiently nice plane octic gives rise to a Gorenstein stable surface with the desired invariants. Precisely, a doublecover X → P 2 branched over a divisor B is semi-log-canonical if and only of the pair (P 2 , 
S is a flat family of octics, it is in particular a relative Cartier divisor. Thus, we can form the double-cover X → P S branched over B. Assume that every fibre B s , s ∈ S(C), is such that the pair (P 2 , 1 2 B s ) is log-canonical. Then the composition f : X → P 2 S → S is a flat family of Gorenstein stable surfaces X s , s ∈ S(C), such that K 2 Xs = 2 and χ (O Xs ) = 4. Furthermore, f * ω X /S is free and B ⊂ P 2 S can be recovered up to isomorphism as the branch divisor of the double-cover X → P S (f * ω X /S ).
Proof. At first, suppose that we are dealing with a single double-cover ϕ : X → P 2 , branched over an octic B ∈ |O P 2 (8)| such that the pair (P 2 , 1 2 B) is log-canonical, so that X is semi-log-canonical, as discussed above. Note that since ϕ is finite and ω X = ϕ * ω P 2 (4) = ϕ * O P 2 (1), the canonical divisor on X is Cartier and ample, i.e., X is Gorenstein and stable. The invariants K 2 X = 2 and χ (O X ) = 4 are computed as follows: K X defines a double-cover onto P 2 , hence,
Now let S be a scheme of finite type over C and let B ⊂ P 2 S be a relative Cartier divisor of degree 8. Let X → P 2 S be the double-cover branched over B; more precisely, the cover taking the square-root of the section of
is locally free, the double-cover morphism is flat; thus, f : X → S is flat.
For every s ∈ S(C), the fibre X s naturally identifies with the double-cover of P 2 branched over B s . Thus, X s is a Gorenstein stable surface if and only if (P 2 , 1 2 B s ) is log-canonical. Let us suppose that this is indeed the case for all s ∈ S(C). Then all fibres (f * ω X /S )(s) = H 0 (X s , ω Xs ), s ∈ S(C), are 3-dimensional and by naturality we observe X as another double-cover g : X → P S (f * ω X /S ). On the other hand,
Tracing through the sequence of morphisms involved shows that the induced isomorphism P 2 S ∼ = P S (f * ω X /S ) identifies the double-covers f and g. This proves the claim.
Recall that the log-canonical threshold of an effective divisor D ⊂ X on a variety X is the number lcth(X, D) = sup{t ≥ 0 | (X, tD) is log-canonical}, see Kollr [35 If π : X → X denotes the normalisation, then by a result of Pardini [44, Proposition 3.2], the composition ϕ = ϕ • π : X → P 2 is the double-cover branched over B ′ and the conductor loci F ⊂ X and F ⊂ X are the reduced pre-images of B ′′ under ϕ and ϕ, respectively. This proves most of the following statement which we state for later reference.
2.11 -Let X be a Gorenstein stable surface with numerical invariants K 2 X = 2 and χ (O X ) = 4, let ϕ : X → P 2 be the canonical double-cover and let B ⊂ P 2 be the branch divisor. Then the following holds:
a) The pair (P 2 , 1 2 B) is log-canonical; in particular, there is a unique decomposition B = B ′ + 2B ′′ with B ′ , B ′′ effective and reduced; B ′′ is nodal. b) The composition of ϕ : X → P 2 with the normalisation π : X → X is the double-cover branched over B ′ and the reduced pre-images of B ′′ in X and X are the conductor loci F ⊂ X and F ⊂ X, respectively.
′′ is a double-cover branched over the Cartier divisor B ′ | B ′′ and it factors through the isomorphism ϕ| F : F → B ′′ .
Proof. We have discussed a) and b) right above the statement of the proposition. Regarding c):
′′ is a double-cover branched over the Cartier divisor B ′ | B ′′ follows from b). It also follows that ϕ| F : F → B ′′ is of degree one, hence, generically an isomorphism. It remains to show that it is an isomorphism everywhere. Since B ′′ has only nodes and ϕ| F is finite, it suffices to observe that ϕ| F is bijective, which holds by construction.
2.2.1. The birational geometry of the minimal resolutions. The birational geometry of the surfaces under investigation strongly depends on the number and degrees of the irrational singularities. Recall that an isolated surface singularity (X, x) is called irrational if it is not rational; i.e., if the exceptional divisor E in the minimal resolution (Y, E) → (X, x) has strictly positive arithmetic genus. Its degree is the negative of the self-intersection number −E 2 . From the classification of semi-logcanonical hypersurface singularities in dimension two, it follows that if (X, x) is irrational and semi-log-canonical, then p a (E) = 1 (see Proposition 2.15 below), i.e., (X, x) is elliptic. It also follows that the only elliptic semi-log-canonical singularities occurring on double-covers of a smooth surface have to have degree 1 or 2. We distinguish two cases: If E is a smooth elliptic curve, (X, x) is said to be simply elliptic and otherwise cuspidal (or a cusp). The latter may happen if E is a cycle of rational curves.
The holomorphic Euler characteristic of the resolution is easy to compute:
2.12 -Let X be a log-canonical surface with k irrational singularities. For any resolution of singularities
Proof. Since the holomorphic Euler characteristic is a birational invariant of smooth surfaces, we can suppose that f : Y → X is the minimal resolution. Then f has connected fibres since X is normal,
The following two results are part of a manuscript in preparation by Franciosi, Pardini and Rollenske [16] . For simplicity, we restrict both to the relevant case. Proof after Franciosi, Pardini and Rollenske [16] . Let E i ⊂ Y , i = 1, . . . , n, be the exceptional curves over the elliptic singularities and let G = 
In particular, GE > m unless m = 0. We introduce the two central (in-)equalities:
The cases i)-v) correspond to the possible values for d = 0, . . . , 5, respectively:
In fact, m = 1: If we had m ≥ 2, then Y min would be minimal of general type and by 3 = K Y E = K Ymin σ * E + GE and GE > m ≥ 2 would imply K Ymin σ * E = 0. In particular, we would have to have K Ymin σ * E i = 0 for each component E i of E. But since Y min had to be minimal of general type, the components E i had to be rational then, which is impossible. Therefore, m = 1 and K The birational classification in the non-normal case will be established as needed later. It will turn out that the only reducible normalisation is P 2 ∐ P 2 and the possible irreducible normalisations are K3-surfaces, rational, or ruled over a curve of genus 1.
2.3. The singularities. Since double-covers of smooth varieties branched over Cartier divisors are sub-varieties of the total space of a line bundle, defined by a single regular equation, the surfaces under investigation have to have hypersurface singularities, if any. Therefore, the classification of semi-log-canonical hypersurface singularities (see Liu, Rollenske [39] ) gives a complete list of analytic germs of singular points we might get. Since we are dealing with double-cover singularities, we only need to consider those of multiplicity two. For simplicity, we restrict our attention to the singularities of the branch curves.
2.15 -Let C ⊂ P 2 be a plane curve of degree 8. Then the double-cover of P 2 branched over C is a Gorenstein stable surface X if and only if the analytic germs of the singular points of C are among those listed in Table 1 .
Proof. This is just the relevant part (multiplicity 2) of the list given by Liu and Rollenske [39] after appropriate transformations where necessary and with the refinement of the series 
transversely meeting double-lines 
= 4 has an A nor D n -singularity, then n ≤ 48, since the maximal Milnor number of a singular point of the branch curve of the canonical double-cover, which has degree 8, does not exceed 49 and this maximal number is attained only by the union of eight concurrent lines (cf. Lemma A.5), which is of course neither A n nor D n . (Similar bounds exist for the other families listed above.) However, also the upper bound n ≤ 48 is most probably not sharp and determining the maximal n such that there exists a plane curve C of fixed degree with an A n -singularity, e.g., is a hard question 2 . For example, the maximal A n -singularity on a quintic is for n = 12, e.g., by Wall [53] , and on a sextic, the maximal A n is for n = 19, which follows from Yang's classification [55] . This seems to be about everything that is known in this direction, at least according to a related discussion on MathOverflow answered by user JNS [52] .
2.4. The mixed Hodge structure on H 2 (X). The stratification we will define and study later is motivated by recent work (partially in progress) of Green, Griffiths, Kerr, Laza and Robles [21, 22, 31, 46, 47] about degenerations of Hodge structures. Roughly, there should be a stratification of the moduli space of our surfaces under investigation, according to the type of polarised mixed Hodge structure on H 2 (X). It should be noted that the details about this Hodge-theoretic stratification are subject to work in progress. Therefore, we can only give an informal description. We refer to Robles' exposition [47] and the references therein for more details; for the basic theory of mixed Hodge structures see Durfee's short introduction [15] and the comprehensive account by Peters and Steenbrink [45] .
Given a flat Gorenstein degeneration X → S, X s smooth projective, we can associate a limiting polarised mixed Hodge structure with the family of Hodge structures H 2 (X s ; C). The Deligne splitting gives an R-split polarised mixed Hodge structure. Furthermore, representation theory gives rise to a relation among these Hodge diamonds, called the polarised relations. They reflect which Hodge structures are more degenerate than others.
Since h 2,0 (X) = h 0,2 (X) = p g (X) = 3 for a smooth surface X of general type satisfying K where r, s ≥ 0, r + s ≤ 3 and r + 2s ≤ h 1,1 . With this diamond denoted by ♦ r,s , the polarised relation is defined as ♦ r,s ≤ ♦ t,u if and only if r ≤ t and r + s ≤ t + u, cf. Robles [47, Example 4.22] . This is illustrated in the degeneration diagram Figure 1 . We will ignore h 1,1 , just as we will ignore canonical surface singularities. Dolgachev [14] has introduced the notion of cohomologically insignificant degenerations: If X → ∆ is a flat and projective family of varieties, where ∆ ⊂ C is the unit disc and where all fibres X s , s ∈ ∆ * = ∆ − 0 are smooth, we can compare Deligne's natural mixed Hodge structure on the cohomology of the special fibre H n (X 0 ; R) and the limiting mixed Hodge structure on H n (X s ; R), s = 0, via the specialisation map. The variety X 0 is said to be cohomologically n-insignificant if these mixed Hodge structures on H n agree on (p, q)-components where pq = 0 for all such families with X 0 as special fibre. By a result of Steenbrink [49, Theorem 2], a projective variety with at worst du Bois singularities is cohomologically insignificant, that is, cohomologically n-insignificant for all n. This applies in particular to semi-log-canonical surfaces since they are Du Bois (cf. Kollr [35, Corollary 6.32] or Kovcs, Schwede, Smith [38, Theorem 4.16] ). For our purposes, it is therefore enough to work with Deligne's mixed Hodge structure.
2.18 -Let X be a Gorenstein stable surface satisfying K 2 X = 2 and χ (O X ) = 4. Then X is said to be of Hodge type ♦ r,s if r = dim(H 2 (X; C)) (0,0) and
It can be shown that the moduli space under investigation in the forthcoming sections is stratified according to the Hodge type; in fact, the irrationality stratification defined below gives a refinement of this stratification, as follows from Proposition 4.12.
For the computations of Hodge types of a Gorenstein stable surface X, we have to know the Hodge structure on its minimal resolution. We will do the computation for our surfaces of interest as soon as we know their minimal resolutions. To get an idea of how this is done, we show how to read off the number of cuspidal elliptic singularities from the Hodge type.
Let X be a normal Gorenstein stable surface satisfying p g (X) = 3 and with irrational singularities p 1 , . . . , p n , of which precisely 0 ≤ m ≤ n are cusps. Let f : Y → X be the resolution at the p i , so that Y has only rational singularities. We denote the exceptional curve over p i by E i and their disjoint unions by 
Focussing on H 2 (X; C) and using that H 1 (D) = H 2 (D) = 0 for dimension reasons, we get the following exact sequence:
If p i is simply elliptic, then E i is an elliptic curve and H 1 (E i ) carries a pure Hodge structure of weight 1 with h 1,0 (E i ) = 1. If p i is a cusp, so that E i is a cycle of rational curves, then H 1 (E i ) is one-dimensional and its mixed Hodge structure is concentrated in weight 0. Concerning the mixed Hodge structure on H 2 (Y ), since we are only interested in the (p, 0)-components, we can pretend that Y is regular since the rational singularities do not contribute.
Since
That is, dim(I (0,0) ) = m, the number of cusps. Likewise, since H 2 (Y ) has no part of weight 1, the part of weight 1 in 0) ) ≤ n−m is at most the number of simply elliptic singularities. To actually compute the dimension of the (1, 0)-component, we have to know more about the map
So far, this discussion shows:
2.19 -Let X be a normal Gorenstein stable surface with p g (X) = 3 having exactly r cuspidal elliptic singularities. Then X is of Hodge type ♦ r,s for a certain 0 ≤ s ≤ 3 − r. In this case the number of simply elliptic singularities is at least s.
Remarks about the moduli space
Our moduli space of interest is the KSBA-compactification of the Gieseker moduli space M 2,4 of canonical models of surfaces of general type with invariants K Let M Gor 2,4 be the category whose objects are pairs (T, f : X → T ) consisting of a scheme T of finite type over C and a flat family f : X → T of Gorenstein stable surfaces X t , t ∈ T (C), all satisfying K We will now explain how the results of the previous chapter relate M Gor 2,4 to the following moduli space of polarised curves. The linear system of plane octic curves H := |O P 2 (8)|(= Hilb 8n−20 (P 2 )) comes with its universal family B ⊂ H × P 2 , which is a relative Cartier divisor with respect to the projection p 1 : H × P 2 → H. Performing the relative double-cover branched over B yields a flat, projective family π : X → H of two-dimensional schemes. The locus U ⊂ H parametrising curves B such that the fibre X B ⊂ X is semi-log-canonical is precisely the locus of half-logcanonical curves.
3.2 -In the notation of the preceding paragraph, the locus U ⊂ H parametrising curves B ⊂ P 2 such that the fibre X B is semi-log-canonical is open.
Proof. We will use a proof strategy outlined by Kovcs [36] . By construction, every fibre X B of π : X → H is a double-cover of the plane, hence Gorenstein. A Gorenstein singularity is semi-log-canonical if and only if it is Du Bois; thus, the locus U ⊂ H with semi-log-canonical fibres equals the locus with Du Bois-fibres. Since H is smooth, the Du Bois-locus is open, by Kovcs' and Schwede's inversion of adjunction for Du Bois pairs [37, Theorem A; Lemma 4.5].
Restricting the family X to U defines a morphism
, which is surjective by Corollary 2.7. Moreover, it induces an isomorphism of stacks:
3.3 -As above, let U ⊂ |O P 2 (8)| be the space of half-log-canonical plane curves of degree 8. Taking the double-cover branched over the curves induces an isomorphism of algebraic stacks Proof. Using the notations introduced above, we will construct the inverse morphism and show that it is an isomorphism. By Proposition 2.9, any (f :
T is a relative double-cover of a projective bundle P T (f * ω X /T ) with a relative branch divisor B ⊂ P T (f * ω X /T ). Thus, the associated PGL(3, C) = Aut(P 2 )-torsor P comes with an induced PGL(3, C)-equivariant morphism P → U corresponding to the family of octics. This defines an element of [U/ PGL(3, C)] T . It is straightforward to check that this assignment is functorial for pull-backs along morphisms
It is fully faithful and its essential image consists of those objects whose underlying PGL(3, C)-torsors are locally trivial in the Zariski topology, yet again by Proposition 2.9. Thus, it suffices to show that this is the case for all PGL(3, C)-torsors P with a PGL(3, C)-equivariant morphism P → U . In other words, what we have to show is that if P → T is an tale-locally trivial P 2 -bundle with a relative divisor B ⊂ P which is fibre-wise an octic, then P is locally trivial in the Zariski topology. But since O P (−3K P/T − B) restricts to O P 2 (1) on the geometric fibres, this is indeed the case.
For later reference, we observe that the classifying morphism U → M This space, U/ PGL(3, C), is then the categorical quotient in the category of schemes. On the other hand, since half-log-canonical plane octics can be shown to be GITstable, cf. Remark 5.2, the classifying map U → U/ PGL(3, C) equivariantly factors through the GIT-quotient 
A Stratification of the moduli space
As is well known, normalising usually does not work well in flat families. For the moduli space at hand, we can get hands on this quite explicitly, in that we can cover it by strata on which the normalisation can be performed in families. Recall from Proposition 2.11 that if f : X → P 2 is the canonical double-cover with branch curve B, then B = B ′ + 2B ′′ for reduced effective divisors B ′ , B ′′ and the composition f = f • π : X → P 2 is the double-cover branched over B ′ ; furthermore, the conductor on X is the pull-back of B ′′ . In other words, the non-reduced part of the branch curve controls the non-normal locus of X. This motivates the first approximation to a stratification. Note that quite generally, the space V n ⊂ |O P 2 (8)| consisting of the divisors B such that deg(B red ) ≤ n is closed, being a union of closed sub-spaces
where i a i |O P 2 (n i )| is shorthand notation for the image of the morphism
is locally closed and from the above presentation it easily follows that f −1 (M (a) ) = U a . This completes the proof.
This very rough stratification will be refined in the following sections.
4.1. The locus of normal surfaces. We now turn to the stratification of the moduli space N = M (0) of normal Gorenstein stable surfaces with K 2 X = 2 and χ (O X ) = 4. We stratify N according to the number of irrational singularities, their degree and whether they are simply elliptic or cusps.
(The irrationality stratification) -
To ease notation, indices with exponent 0 are omitted, an exponent of 1 will be omitted and so on, e.g., 2 1 = 2, 1 2 = 11, etc.
For example, an X ∈ N 1222 = N 1 1 1 0 2 2 2 1 has exactly one simply elliptic singularity of degree one, two simply elliptic singularities of degree two and one cusps of degree two. The empty list of degrees corresponds to the stable surfaces with only canonical singularities, i. 4.5. Local singularity theory, most notably Brieskorn's result [9] , implies that that a singularity of type X p may degenerate to a singularity of type X q with q ≥ p or certain singularities of type Y •,• , but none of them can degenerate to a triple-point or to a milder quadruple-point. Similarly, a [3; 3]-point may degenerate more and more, or it may even degenerate to a quadruple-point, but none of the series X • or Y •,• . This prevents certain strata to appear at the boundary of other strata. For example, the boundary of N 2 is covered by all strata parametrising surfaces with at least one (possibly degenerate) quadruple-point. More generally, the closure of
4.6 -The strata N 1 a 1 b 2 c 2 d ⊂ N are locally closed and the closure of a stratum is contained in a union of strata.
Proof. Let U ⊂ |O P 2 | be the locus parametrising half-log-canonical plane octics and let V ⊂ U be the open sub-space parametrising reduced curves. Then the preimages of the strata under the classifying morphism V → N ⊂ M Gor 2,4 are disjoint and PGL(3, C)-invariant by construction. By Corollary 3.4, it suffices to show that these pre-images are locally closed. This can be shown for each case separately by elementary plane curve geometry. We omit the details and conclude the proof. Figure 2 . The degeneration diagram showing the components of the strata parametrising surfaces with only simply elliptic singularities 4.7. The motivation to consider not just the stratification according the number and degree of irrational singularities, which is usually enough to get control over the birational geometry of the minimal resolution, but to also distinguish between simply elliptic and cuspidal singularities, comes from the relevance to the mixed Hodge structure discussed in Section 2.4.
4.1.1. The strata of the irrationality stratification. We are ready to state and prove the main results about the irrationality stratification. Since we have translated the problem into plane curve geometry, we can systematically use the computer algebra system Macaulay2 [20] to 1. check which strata are inhabited (by producing elements explicitly), 2. find all irreducible components and 3. compute their dimension. The scripts can be obtained from [5] and the explanations about how they work are the content of Appendix B.
Which stratum is dealt with where is listed in Table 3. 4.9. If a stratum N 1 a 1 b 2 c 2 d decomposes into the union of multiple components, we mostly use the following ad-hoc notation: we decorate the components with primes, i.e., 4.10. In total, N is covered by two strata with four components, six strata with three components, 13 strata with two components and 16 irreducible strata. Hence, the number of inhabited strata of the irrationality stratification on N is 37 and there are 68 pair-wise disjoint components. The degeneration diagram for the components of all strata parametrising surfaces with simply elliptic singularities is shown in Figure 2 . The complete degeneration diagram showing all strata of N would be incomprehensibly complicated. Table 4 lists the components of the strata of the irrationality stratification and the birational isomorphism type of their members.
-
Proof. Let X be a normal Gorenstein stable surface with K Before we deal with these cases, we introduce some more notation. Since the rational singularities of X admit a crepant resolution, K Y = f * K X − E, where E ⊂ Y is the sum of the exceptional curves E i ⊂ Y over the elliptic singularities p i ∈ X, i = 1, . . . , k. Likewise, let G ⊂ Y be the divisor such that K Y = σ * K Ymin + G. If X has two elliptic singularities, one of degree one and one of degree two, then σ is a single blow-up in a smooth point and either κ(Y ) = 0 or κ(Y ) = 1, again by Theorem 2.14. Since χ (O Ymin ) = 2 and by the classification of algebraic surfaces, κ(Y ) = 0 if and only if Y min is a K3 surface. In the above notation, this is the case if and only if K Y = G, where G is the (−1)-curve contracted by σ. But
where E is the sum of two disjoint curves E i , i = 1, 2, with p a (E i ) = 1 and E 2 i = −i. Therefore, κ(Y ) = 0 if and only if f * K X = E + G. But then K X = f * f * K X = f * G has to be a rational curve passing through the two irrational singularities. On the other hand, K X = ϕ * O P 2 (1), so that ϕ * G has to be the line joining the quadruple-and the The last case we have to consider is that X has two elliptic singularities of degree one and one of degree two. Since X has exactly three elliptic singularities, χ (O Y ) = 1 and from Theorem 2.14 and Proposition 2.13 we conclude that either Y min is an Enriques surface and σ : Y → Y min is a blow up in two points (possibly infinitely close), or Y is rational. If X ∈ N ′′′ 112 or any of the cuspidal versions, i.e., if the branch curve of the canonical double-cover X → P 2 contains the two distinguished tangents, which meet in the quadruple-point, then the union of those lines defines a trivialisation of 2K Ymin ; more precisely, the corresponding section of O P 2 (2) lifts to a section of 2K X −2E with vanishing locus twice the disjoint union of two disjoint (−1)-curves, which constitute the exceptional locus of σ : Y → Y min . If X is a member of either N ′ 112 or N ′′ 112 , however, this does not work and X is rational. An alternative way to see this is as follows. Let B ⊂ P 2 be the branch curve of the canonical double-cover. Let p 1 , p 2 ∈ B be the [3; 3]-points and let p 3 ∈ P 2 be the quadruple-point. Consider the Cremona-transformation ϕ : P 2 P 2 with centres p 1 , p 2 , p 3 . Let B ′ ⊂ P 2 be the reduced curve supported on the pull-back (ϕ −1 ) * B, but neglecting the components with even multiplicity. Then the doublecovers X and X ′ branched over B and B ′ , respectively, are birational. In fact, the double cover branched over B ′ is the normalisation of the double-cover branched over (ϕ The Hodge type ♦ r,s of X ∈ N roughly behaves as follows: As we introduce a simply elliptic singularity, s increases by one and as a simply elliptic singularity degenerates to a cusp, s decreases by one and r increases by one. In fact, this only fails in the case where it is numerically impossible since there are four elliptic singularities. In this case, the (1, 0)-classes become linearly dependent.
The Hodge type is constant on every stratum of the irrationality stratification of N and they are given as in Figure 3 .
Components
Minimal model of the resolution Y min Rational
Ruled of genus 1
Ruled of genus 1 Table 4 . The birational types of the normalisations.
Proof. Recall from Lemma 2.19 that if X has exactly r cusps, then it is of Hodge type ♦ r,s for some 0 ≤ s ≤ 3 − r. It remains to compute s in each possible case. Recall the set-up in which we proved the lemma. We let Y → X be the resolution of the elliptic singularities, with exceptional arithmetically elliptic curves E i , i = 1, . . . , n, and considered the Mayer-Vietoris exact sequence
In this set-up, renumbering if necessary, we can suppose that the curves E 1 , . . . , E k are smooth elliptic and that the remaining ones, E k+1 , . . . , E n , are cycles of rational curves. Then the induced exact sequence of (1, 0)-parts becomes:
In what follows, we assume k ≥ 1.
Our claims only concern the dimensions in degree (0, 0), (1, 0) and (2, 0); for this reason and since the remaining singularities of Y are rational, we can assume without loss of generality that Y is minimal.
It follows from the proof of Theorem 4.11 that q (Y ) = 0, unless X is ruled of genus 1. Clearly, if q (Y ) = 0, then s = k. If Y is ruled of genus 1, then q (Y ) = 1 and the curves E i , i ≤ k, are multi-sections of the ruling Y → C. On the one hand, the pull-back morphism H 1 (C) → H 1 (E i ) is multiplication with the degree, hence injective. On the other hand, it factors through H 1 (Y ) → H 1 (E i ), which is injective as well then. Therefore, s = k − 1. Note that the strata where Y is ruled are those with n = k = 4 and r = 0. In conclusion, the members of N 1 3 2 or N 2 4 have Hodge type ♦ 0,3 .
4.2.
The loci of non-normal surfaces. We define a stratification of M (n) analogously to the irrationality stratification of N:
(n) be the locus parametrising surfaces X ∈ M (n) with exactly a simply elliptic and exactly b cuspidal singularities of degree 1 and exactly c simply elliptic and exactly d cuspidal singularities of degree 2. We apply the analogous abbreviation-conventions as before.
The arguments used to prove Proposition 4.2 and Proposition 4.6 also show:
4.14 -The strata M n;1 a 1 b 2 c 2 d ⊂ M (n) are locally closed and the closure of one stratum is contained in a union of strata.
Unlike the irrationality stratification of the locus of normal surfaces, this stratification is not finer than the Hodge type stratification. Namely, singularities of type J 2,∞ , X ∞ or Y r,∞ strongly affect the Hodge structure in a way that is hard
Strata
Dimension Birational type of normalisation We proceed by investigating which strata are inhabited. Afterwards, we compute their dimensions and the birational types of their members.
The stratum M (4) : The members of M (4) are the double-covers of P 2 branched over the double-quartics with at worst nodes. Thus, there is only one inhabited stratum M 4;∅ = M (4) . It is isomorphic to the moduli space of nodal plane quartics (cf. Hassett [27] ) which is rational (as shown by Katsylo [30] ).
The stratum M (3) : The members of M (3) are double-covers of P 2 branched over a reduced conic and a double-cubic with at worst nodes. Since a reduced conic has at worst a node, the members of M (3) do not have isolated irrational singularities. Hence, yet again, only M 3;∅ = M (3) is inhabited. The stratum M (2) : Since a member X ∈ M (2) is a double-cover of P 2 branched over B = B ′ + 2B ′′ , where B ′ is a reduced quartic and B ′′ is a reduced conic, the isolated elliptic singularities come from the non-simple singularities of the quartic, of which only one is possible, namely, an ordinary quadruple-point, arising only as the union of four concurrent lines by Hui's classification [29] . Therefore,
The stratum M Table 5 .
Proof. We first show that M (n) is irreducible for all n = 1, . . . , 4. As in Theorem 3.3, we denote by U ⊂ |O P 2 (8)| the locus of half-log-canonical plane octics. The preimage
′′ is open, hence smooth and irreducible. By construction, the composition
identifies U n / PGL(3, C) with M (n) . Since U n is irreducible, so is M (n) , as claimed. In addition, this proves
(The stabiliser of a general plane curve of degree ≥ 3 is discrete and in the cases under consideration we have either n ≥ 3 or 8 − 2n ≥ 4.) Since M n;∅ is open in M (n) we get the claimed results for these strata.
In the remaining cases, we argue similarly. Let M ⊂ M (n) be any of the strata. We let V ⊂ U n ⊂ |O P 2 (8−2n)|×|O P 2 (n)| be the pre-image of M under the restricted classifying map U n → M (n) . Then V dominates M, so that it would be enough to show that V is irreducible. However, it will be customary to restrict to certain sub-spaces in order to gain more control.
For the strata M ⊂ M (1) , where B ′′ is a line, we can fix this line; then the condition for B ′ along B ′′ is that their local intersection multiplicities are at most 2 everywhere. That this is an open condition follows as in the proof of Proposition 4.2.
The easiest case is M = M 1;2 . For every member B ′ + 2B ′′ ∈ V , where p ∈ P 2 is the quadruple-point of B ′ , there is a plane automorphism mapping p to the point (0; 0; 1) and the line B ′′ to the line at infinity L = {z = 0}, where we are using homogeneous coordinates (x; y; z) ∈ P ′′ has multiplicity at most 2. All these conditions are open in the linear system of sextics with multiplicity ≥ 4 in (0; 0; 1). Therefore, V ′ is irreducible and, hence, so is V ′ / PGL(3, C) ∼ = M 1;2 . Since the group of automorphisms fixing a point and a line missing the point is of dimension 4, we conclude that M 1;2 is irreducible and of dimension 17 − 4 = 13.
The stratum M 1;2 is handled similarly; the difference is that we also have to fix the special tangent direction, which we can still do using automorphisms. This way, we get an open sub-set of a linear sub-space of dimension 15 [5, sextics.m2 I.2], with stabiliser of dimension 3, so that this stratum is irreducible of dimension 12.
Let us turn to M 1;1 , where we argue similarly. Again, we can fix the singular point, which we want to be a [3; 3] -point, so we should also fix the distinguished tangent line and we still have automorphisms left to fix the line B ′′ . The linear systems of sextics with at least a [3; 3]-point in a fixed point and with fixed special tangent direction is of dimension 15 [5, sextics.m2 II.1]. By Lemma A.3 b), the only other singularities a reduced sextic can have besides a [3; 3] -point are at most triple-points and they have to be off the distinguished tangent line. Furthermore, if a reduced sextic has a [3; 3]-point, then it has at most one other non-simple singularity, which is another [3; 3]-point; a closed condition. Since the stabiliser is of dimension 3, again we conclude that the stratum under consideration is irreducible and 12-dimensional.
The same argument shows that M 1;1 is irreducible and of dimension 14 − 3 = 11 since the sub-space of |O P 2 (6)| parametrising sextics with a degenerate [3; 3] ′′ is a conic in the pencil {λxy + µz 2 = 0} (λ;µ)∈P 1 . In addition, we ask that the quartic contains the lines {x = z} and {y = z}. Since for any B = B ′ + 2B ′′ ∈ V , at most two lines in B ′ can be tangent to B ′′ , we find for at least two of the lines in B ′ a transversal intersection point with B ′′ . Therefore, B is projectively equivalent to a member of this 3-dimensional linear system, up to finitely many choices of parameters. The only exceptional parameters are either (λ; µ) = (0; 1), or those where the quadruple-point is degenerate, or where (λ; µ) = (1; 0) and where the quartic passes through the point (0; 0; 1). These conditions are clearly closed, so that we have an open, irreducible sub-scheme which is a finite cover of M 2;2 .
Finally, we discuss the birational geometry of the non-normal surfaces:
4.16 -The minimal models of the minimal resolution of the possible non-normal Gorenstein stable surfaces X satisfying K 2 X = 2 and χ (O X ) = 4 are as listed in Table 5 above.
Proof. Let X be a non-normal Gorenstein stable surface satisfying K 2 X = 2 and χ (O X ) = 4, let X be its normalisation, denote its minimal resolution by g : Y → X and let σ : Y → Y min be a minimal model of Y . By our description of the normalisation (Proposition 2.11), the branch curve B ⊂ P 2 of the canonical doublecover decomposes as B = B ′ + 2B ′′ for two reduced effective divisors B ′ , B ′′ and X is the double-cover of P 2 branched over B ′ . We have to have deg(B ′ ) ∈ {0, 2, 4, 6}, where X ∈ M (i) if and only if deg(B ′ ) = 2i. In case B ′ = 0, observe that X = P 2 ∐ B ′′ P 2 , as the double-cover branched over 2B
′′ and Y = X = P 2 ∐ P 2 is the unbranched double cover of the plane. For the remaining cases, we make use of formulas and basic facts concerning double-covers which can be found in Barth, Hulek, Peters, Van de Ven [7, V 22] .
If deg(B ′ ) = 2, we have two cases: either B ′ is a smooth conic, or the union of two lines. In the first case, X is P 1 × P 1 and in the latter, it is the quadric cone, which is resolved by the Hirzebruch surface F 2 . That is, the minimal models are all rational.
If X ∈ M (2) , then B ′ is a quartic with only simple singularities, unless it is a union of four concurrent lines (cf. Hui's classification [29] ). If X ∈ M 2;∅ , i.e., B ′ has only simple singularities, X is a del Pezzo surface of degree 2 (possibly singular, with ADE-singularities corresponding to those of B ′ ), the double-cover being defined by the anti-canonical linear system. In fact, −K Y = −g * K X is ample, as the pull-back of an ample bundle along a finite morphism and K 2 Y = K 2 X = 2 since the degree is 2.
If X ∈ M 2;2 , i.e., B ′ is the union of four concurrent lines, then the pencil of lines through their common intersection point gives rise to a ruling of Y over a curve of genus 1. Explicitly, the blow up of P 2 in the quadruple-point is the Hirzebruch surface F 1 and the double-cover over the four fibres of the ruling F 1 → P 1 coming from the four branches of C induces a ruling Y → E, where the elliptic curve E is the double-cover of P 1 branched over the four points corresponding to the lines in question.
Finally, in case X ∈ M (1) , where B ′ is a sextic, the only non-simple singularities 4.17. Given X ∈ M 2;∅ , we let X → X be the normalisation and denote the conductor loci by F ⊂ X and F ⊂ X. As explained in the introduction, X is the push-out of the diagram F ← F → X and by Peters and Steenbrink [45, CorollaryDefinition 5.37] we get the associated Mayer-Vietoris exact sequence
In fact, the left-most term is H 1 (X; C) ⊕ H 1 (F ; C) = 0, which can be seen as follows: Recall from Proposition 2.11 that if B = B ′ + 2B ′′ is the branch curve of X, where B ′ is a reduced quartic and B ′′ is a reduced conic, then X is the double-cover branched over B ′ and F ∼ = B ′′ . In particular, H 1 (F ; C) = 0. Since X is rational, H 1 (X; C) = 0 as well. If, in addition, F is connected, then F ; C) ) 0,0 . Now recall that F is a double-cover of B ′′ branched over B ′′ | B ′ . Thus, if B ′ and B ′′ meet transversely, then F is a smooth curve of genus 3, hence X has Hodge type ♦ 0,3 . As B ′′ | B ′ gets doubled points, either due to tangency or due to double-points of B ′ along B ′′ , F acquires nodes. This results either in a nodal curve of genus 2, a curve of genus 1 with 2 nodes, a curve of genus 0 with 3 nodes, or the union of 2 rational curves meeting transversely in 4 points. The first two cases give Hodge types ♦ 1,2 , ♦ 2,1 , the latter two have Hodge type ♦ 3,0 .
If B ′′ is the union of two lines, then by the same argument as above, the (2, 0)-part is trivial, so that there are no more possible Hodge types than those above. The same applies if we pass to M 2;2 , where B ′ has a quadruple-point.
4.18. Let B ′′ be a smooth or nodal but reduced quartic in P 2 . With branch curve B = 2B
′′ , we get that X = P 2 ∐ B ′′ P 2 and X = P 2 ∐ P 2 with F = B ′′ ∐ B
′′
and F ∼ = B ′′ in such a way that π| F : F → F is the trivial double-cover. Tracing through the maps in the Mayer-Vietoris sequence for X as the push-out of the diagram F ← F → X, one quickly finds an isomorphism of Deligne's mixed Hodge structures H 2 (X; C) ∼ = H 1 (B ′′ ; C). Therefore, the surfaces parametrised by the irreducible stratum M (4) = M 4;∅ realise all Hodge types ♦ r,s with r + s = 3.
Further remarks and questions

5.1.
Comparison with known compact moduli spaces of curves. There are at least three related compactifications of the moduli space of smooth plane curves of degree 8, namely, the GIT-quotient of |O P 2 (8)| under the action of PGL(3, C), Hassett's moduli space of stable log-surfaces which admit a smoothing to (P 2 , C) with C a curve of degree 8 [27] and Hacking's moduli space M 8 of so-called stable pairs of degree 8, namely, pairs (X, D) consisting of a surface X and an effective QCartier Z-divisor D on X, where O X (3D +8K X ) ∼ = O X and such that (X, (
is a stable log-surface for some ε > 0, subject to a smoothability condition that makes sure that the plane octics are dense [23] .
5.1. Perhaps, a Q-Gorenstein degeneration of a smooth (or Gorenstein) stable surface X ∈ M 2,4 , say canonically the double-covers of P 2 branched over B ∈ |O P 2 (8)|, will itself be a double-cover of a surface X ′ branched over some curve
is semi-log-canonical. This raises the question whether (the closure of M Gor 2,4 in) M 2,4 is isomorphic to some projective moduli space of semilog-canonical pairs (X, D) which are in some sense degenerations of log-canonical pairs of the form (P 2 , Each half-log-canonical octic B ∈ U , gives rise to a stable pair of degree 8, (P 2 , B), for, (P 2 , ( In that case, one naive hope would be that the locus of stable pairs (X, D) of degree 8 such that (X, . For all t = 0, the fibre Z t is isomorphic to P(2, 2, 2) ∼ = P 2 and Z 0 is isomorphic to P (1, 1, 4) . Let Q ⊂ P(2, 2, 2, 4) be a sufficiently general hypersurface of degree 16, defining a relative Cartier divisor Z ∩ Q missing the singular point in the special fibre. Assume furthermore that each pair (Z t , 1 2 Z t ∩Q) is log-canonical, at least for all t sufficiently close to 0. For example, we may assume that each of the curves Q t := Z t ∩ Q is smooth. Let X → Z be the double-cover branched over Q ∩ Z ; this defines a Q-Gorenstein family over A 1 where each fibre X t , t = 0, is a double-cover of P 2 branched over an octic, hence, a Gorenstein stable surface with K 2 Xt = 2 and χ (O Xt ) = 4, whilst the central fibre X 0 is a double-cover of P (1, 1, 4) , branched over a curve Q 0 of degree 16 missing the singular point and such that the pair (P (1, 1, 4 ), 1 2 Q 0 ) is log-canonical. Hence, X 0 is semi-log-canonical and K X0 is the pull-back of the Q-Cartier divisor K P(1,1,4) + 1 2 Q 0 ∈ |O P(1,1,4) (2)|, so that X 0 is stable of Gorenstein-index 2. Since the family is Q-Gorenstein, we conclude that X 0 is in the closure of M There is also something to say about the boundary of (the image of) M Gor 2,4 in Hacking's moduli space M 8 of stable pairs of degree 8 (and, therefore, also in the GIT-quotient). Namely, there are curves C ⊂ P 2 such that (P 2 , C) is a stable pair of degree 8, but where (P 2 , 1 2 C) is not log-canonical; since the image of M Gor 2,4 in M 8 is dense, they occur as limits of classes of half-logcanonical curves, though.
Every octic C ⊂ P
2 with global log-canonical threshold between One kind of example is given by general octics with a singular point of type Z 11 , whose log-canonical threshold is 7 15 . (A curve singularity of type Z 11 is analytically locally the union of an E 6 -singularity and a general line passing through it. To get an explicit example, we can just take a quartic with an E 6 -singularity and a general quartic passing through the E 6 -singularity, resulting in an octic with one singularity of type Z 11 and 13 ordinary double-points.) This is by far not the only type of singularity that can occur on an octic which has no (or only admissible) other singularities.
Appendix A. Half-log-canonical plane curves of small degree In this appendix, we prove the results about plane curves of degree at most eight with [3; 3]-and quadruple-points which were used in the earlier chapters. We obstruct the existence of certain configurations using basic intersection theory and well-known results about the Milnor number.
The classification of possible (configurations of) singularities on plane conics or cubics is easy. In the case of quartics, a complete classification is known; it can be found in Hui's thesis [29] . It turns out that the only reduced quartics with a non-simple singularity are the unions of four concurrent lines, admitting a unique ordinary quadruple-point, also called singularity of type X 9 . Degtyarev [11] has classified all plane quintics up to rigid isotopy and all the possible singularities on quintics. A list of possible configurations with total Milnor number at least 12 can be found in Wall [53] . The last case where the complete classification is known, the sextics, is mostly due to Urabe [51] , Yang [55] and Degtyarev, see [12, Section 7.2.3] and the references therein.
Already the list provided by Yang [55] (even though restricted to the sextics with maximal total Milnor number 19) is so long that for certain questions, it is not easy to read off the relevant informations from the data. There are 128 irreducible maximising sextics and many more reducible ones and " [t] In conclusion, the classification of possible configurations of singularities on octic curves is clearly out of reach. Therefore, we study here just as much as we need to understand the strata; that is, we ignore simple singularities and concentrate only on those with log-canonical threshold exactly For a start, we recall the notion of an n-fold-point with an infinitely near n-foldpoint, an [n; n]-point, for short. A non-degenerate [n; n]-point should be pictured as n-fold-points with n local branches with a common tangent direction; however, degenerate [n; n]-points may have less branches.
A.1 -Let 0 ∈ C ⊂ C 2 be the germ of an isolated curve singularity, defined by a convergent power series f ∈ C{x, y}.
1. The germ (or the point, slightly abusively) is said to be a n-fold-point, if f has multiplicity n, i.e., f ∈ (x, y) n − (x, y) n+1 . 2. If, moreover, the degree n-part of f is the product of n pairwise distinct linear factors, then the germ is said to be an ordinary n-fold-point. That is, C is a union of n smooth curves meeting transversely in 0.
3. An n-fold-point 0 ∈ C ⊂ C 2 is said to have an infinitely near n-fold-point if the strict transform C ′ ⊂ X of C in the blow-up (X, E) → (C 2 , 0) has an n-fold-point along E. In this case, the germ is called an [n; n]-point. It is called non-degenerate if the n-fold-point of C ′ is ordinary. 4. If C ⊂ P 2 is a plane curve with an [n; n]-point p ∈ C, the point on the exceptional line E ⊂ Bl p P 2 where the strict transform C ′ has its n-foldpoint corresponds to a tangent direction at p in P 2 ; we refer to this as the distinguished tangent of the [n; n]-point. The unique line in P 2 passing through p in this direction is called the distinguished tangent line.
A.2. Note that the distinguished tangent line ℓ ⊂ P 2 of an [n; n]-point p ∈ C ⊂ P 2 is determined by the property that the intersection multiplicity of ℓ and C at p exceeds n. In particular, if C contains a line through p, then this must be its distinguished tangent line.
We will mostly be concerned with certain [2; 2]-points, [3; 3] -points and 4-foldpoints, also known as quadruple-points. We give a quick overview:
A [2; 2]-point is a double-point whose strict transform in the blow-up has a double-point along the exceptional line. That is, the [2; 2]-points are the singularities of type A n as n ≥ 3, where A 3 is the non-degenerate [2; 2]-point.
The half-log-canonical [3; 3] -points are the singularities of type J 10 (the nondegenerate [3; 3]-point) and J 2,p for p ≥ 1. Blowing up once, the strict transform of a J 10 has a non-degenerate triple-point (a D 4 ) along the exceptional line and the strict transform of a J 2,p has a D 4+p along the exceptional line. Moreover, the branches are transversal to the exceptional line, for otherwise it would be a quadruple-point (or worse). In particular, no component of a [3; 3] -point is an ordinary cusp A 2 .
Likewise, the ordinary quadruple-points are the singularities of type X 9 , whereas the half-log-canonical degenerate quadruple-points split up into the two families X p , p ≥ 10 and Y r,s for r, s ≥ 1. The singularities of type X p are, locally analytically, the union of a degenerate double-point of type A p−8 and a non-degenerate doublepoint and those of type Y r,s are unions of two degenerate double-points of type A r+1 and A s+1 . In particular, an X p , p ≥ 10, has a single special tangent direction (the distinguished tangent direction of the underlying degenerate double-point) and a Y r,s has two such. Proof. The proofs of those statements are very similar; by way of example, we only prove a few of them. Note that since we assumed n-fold-points and [n; n]-points to be isolated singularities, if C contains a line L through such a point, is does so with multiplicity 1. In particular, the residual curve C − L (in divisor-notation) has degree d − 1 and does not contain L. c) If C is as claimed, then the line L joining the s singular points witnesses
In this case, the residual curve
The following is an immediate corollary. This implies that two [3; 3] -points on a conic are in general position such that there is exactly a pencil of conics joining both points, passing through them in distinguished tangent direction. Three [3; 3] -points on a conic can be in special position in the sense that the tangents may align along a conic. It turns out that there are at most three [3; 3] -points on a plane octic, but before we can prove this, we have to recall a few basic facts from singularity theory. We refer to Milnor's seminal book [42] or Wall [54, Chapter 6] for the local theory.
Recall that with a holomorphic function germ f ∈ C{x, y} we can associate the Milnor number µ(f ) = dim C (C{x, y}/J f ) where J f = ( ∂f ∂x , ∂f ∂y ) is the Jacobian ideal of f generated by the partial derivatives. Let C ⊂ P 2 be a plane curve passing through a point p ∈ C and choose local holomorphic coordinates x, y at p ∈ P 2 . Then the curve C is the vanishing locus of a function germ f ∈ C{x, y} and it makes sense to define the Milnor number of C at p, µ p (C) := µ(f ). If C is reduced, we define its total Milnor number µ(C) = p∈Csing µ p (C).
We recall from Wall's exposition [54, Sections 7.1 & 7.5]:
A.5 -Let C ⊂ P 2 be a reduced plane curve of degree d.
a) The total Milnor number of C is bounded by µ(C)
2 is attained only by the union of d concurrent lines with its (d − 1)-fold-point. b) Let C ν be the normalisation of C. Then
where r p (C) is the number of analytically local branches of C through p.
In particular, if C is a reduced octic with four [3; 3]-or quadruple-points, then C has at least four rational components, χ top (C ν ) ≥ 8, and if C has exactly four components, then there are no additional singular points.
Proof. For a) and b) see Wall [54, Section 7.5, p. 177 & Corollary 7.1.3]. The in particular -part can be derived from b) as follows: It suffices to show that for a [3; 3] -or quadruple-point p ∈ C, we have µ p (C) + r p (C) − 1 ≥ 12, since then, if there are at least four such, χ top (C ν ) ≥ 8 and equality implies that there are no more singular points and that µ p (C) + r p (C) − 1 = 12 for all four p ∈ C sing . As the normalisation decomposes into disjoint components To prove d), we will derive a contradiction from the assumption that there exists such a curve C. It follows from part b) above that such a C has to be reduced: since all four [3; 3]-points are, by assumption, isolated singularities, they have to lie on the reduced part, which has to have degree at least 7 then, which is impossible unless C is reduced.
Lemma A.5 implies that C has at least four rational components and that if C has only 4 components, it has no more singularities than the four [3; 3]-points. To prove the claim, we have to rule out all possible cases. We distinguish the cases according to the number of lines in C.
If C would not contain any line, it had to be a union of four smooth conics. Since a sextic has at most two [3; 3] -points by part b), we had to have three of the four -C 0 contains p 1 , p 2 and p 3 , passing through p 1 and p 2 in distinguished tangent direction. -C 1 contains p 2 , p 3 and p 4 , passing through p 2 and p 3 in distinguished tangent direction. -C 2 contains p 1 , p 3 and p 4 , passing through p 1 and p 3 in distinguished tangent direction. -C 3 contains p 1 , p 2 and p 4 , passing through p 1 and p 2 in distinguished tangent direction. Then C is the union of those four. In particular, C is uniquely determined by the four points and two of the distinguished tangents. This is the key to the proof that no such C can exist. With the help of projective automorphism, we can fix three points p i , i = 1, 2, 3, and two tangent directions in p 1 and p 2 , as long as they do not point towards any of the remaining two points. From this, we can compute C 0 and derive the distinguished tangent at p 3 . Then we compute C 1 , C 2 and C 3 in dependence of a variable fourth point p 4 ∈ P 2 and consider their tangent lines at p 4 . If an octic C as desired existed, then for at least one point p 4 , all three tangent lines would agree. A computation shows that this happens if and only if p 4 lies on C 0 , but then C 0 = C 1 = C 2 = C 3 , which is an irrelevant degenerate case. An explicit calculation in Macaulay2 can be found in [5, 1111.m2] . Now suppose that C contains exactly one line L ⊂ C. Then the only possibility is that C = E + D 1 + D 2 + L, where E is an irreducible cubic and D 1 , D 2 are irreducible conics. Since C has only four components, all four of them are rational and C has no extra singularities. In particular, E must be rational, hence either nodal or with an ordinary cusp. But both are impossible since neither nodes nor ordinary cusps can contribute to [3; 3] A.7 -If C ⊂ P 2 is a plane octic, then the following holds: a) No three quadruple-points on C are collinear. b) If C has four quadruple-points, then C is a union of four (possibly reducible) conics, meeting precisely in the (necessarily ordinary) quadruple-points.
Proof. Statement a) is a special case of Lemma A.3 c).
To prove b), let C be a plane octic with four quadruple-points. By part a), the quadruple-points are in general position so that there is a pencil of conics through those four points which spans the tangent spaces. First, observe that if a conic D of this pencil is tangent to a local analytic branch of one of the quadruple-points, then D has to be contained in C, for otherwise we had to have 16 = DC ≥ 3 · 4 + 5 = 17. Thus, to conclude that C is a union of four members of the pencil, it suffices to show that at least one of the quadruple-points is non-degenerate. In fact, they all are: If one of them were degenerate, then there would exist a conic D of the pencil passing through it in the corresponding tangent direction, so that D ⊂ C as above and D(C − D) ≥ 3 · 3 + 4 = 13 > 12, unless 2D ⊂ C, which is excluded since the quadruple-points are assumed to be isolated singularities. Proof. By Proposition A.4 a), b) and Lemma A.8, in both cases, the four points in question are general enough so that there exists a pencil of conics through all four points in question. In particular, there exists a conic through all four points, passing through one of the [3; 3]-points in distinguished tangent direction. In both cases, this easily gives a contradiction comparing intersection numbers and local intersection multiplicities as before. We omit the details.
A.11 -Let C ⊂ P 2 be a plane octic with three [3; 3]-points and a quadruple-point. Then C decomposes into four rational components; more precisely:
Then only the following two configurations are possible.
where D 5 is a rational quintic which passes through p 4 and has three A 3 -singularities (non-degenerate tac-nodes) at
ii) There exists a conic D 2 passing through the three [3; 3]-points in distinguished tangent direction and Proof. Let C be a plane octic with three [3; 3]-points and one quadruple-point. Then, as in the proof of Proposition A.6 above, we conclude that C is reduced. By Lemma A.5 b), C has at least four rational components and if C has exactly four, then there are no extra singularities.
Let Before we continue, note that if C has only four components and contains a cubic, then the cubic is rational and so has a node or ordinary cusp. Either singularity does not contribute to a [3; 3]-point and so has to be part of the quadruple-point, since C has no extra singularities. Now assume that C has no more than the four singularities and contains a line. Then the line must meet the residual septic in the singular points of C. For the intersection multiplicities to add up to 7, this has to be the quadruple-and one of the [3; 3]-points. This shows that d • = (0, 3, 3, 1, 1) is impossible since the quadruplepoint of C had to be the union of the double-points of the two rational cubics, not allowing either line to pass through the quadruple-point as well. Similarly, this excludes d • = (0, 3, 2, 2, 1), for, the cubic C 1 had to have a double-point at, say, p ∈ C 1 and the line C 4 would have to pass through it. But in order not to introduce an extra singularity of C, they must not meet anywhere else, so that the intersection at p had to be with multiplicity 3, which implies µ p (C)+r p (C)−1 ≥ 13, a contradiction to (the proof of) Lemma A.5. The only possibilities with d 0 = 0 which remain are those corresponding to the claim and since every line has to pass through one of the [3; 3]-points and the quadruple-point, the configurations have to be as claimed.
It remains to show that C cannot have five or more components. Note that in this case, C had to contain at least two lines.
We first exclude the case that C contains at least four lines, i.e., d • = (4, 1, 1, 1, 1) or (1, 4, 1, 1, 1 ). Suppose C were the union of four lines and a possibly reducible quartic. Then the quartic had to have at least three non-collinear [2; 2]-points, which is impossible, e.g., by Hui's classification [29] .
If C had at least five components but at most three lines, then C had to contain at least two lines, L 1 , L 2 , and a smooth conic D. The residual quartic then had to have exactly two components, of which at least one had to be rational, hence,
Thus, we are left with these two cases.
If we had C = L 1 +L 2 +L 3 +D+D ′ with D ′ an irreducible cubic, then χ top (C ν ) = 8 or 10, so that C could have at most one additional singularity, necessarily of type A 1 or A 2 . Therefore, the lines had to be concurrent, for otherwise C had to have at least three singularities with local branches having different tangent directions. In particular, the conic D had to meet at least one of the lines transversely. But in that case, one of the intersection points had to be the quadruple-point of C; hence, D would pass through the common intersection point of the three lines.
Therefore, D could be tangent to at most one of them, which would result in too many singularities for C, a contradiction.
Finally This rules out all cases as claimed and completes the proof.
We also have to study the possible configurations of non-simple singularities a reduced sextic can have. Note that the upper bounds we give below are most likely far from optimal.
A.12 -Let C be a reduced half-log-canonical plane sextic curve (cf. Table 1) . Then the only possible non-simple singularities C can have are: i) One X p , 9 ≤ p ≤ 24. ii) One Y r,s , r, s ≥ 1, r + s ≤ 15. iii) One J 10 . iv) One J 2,p , 1 ≤ p ≤ 14. v) Two J 10 . In the last case, C decomposes as a union of three conics, at most one of which degenerates into a union of two lines.
Proof. The maximal total Milnor number µ(C) of a reduced sextic C ⊂ P 2 without a 6-fold-point is 24. Since all reduced non-simple plane curve singularities with log-canonical threshold at least 1 2 have Milnor number greater or equal than 9, we conclude that C can have at most two such. Moreover, this explains the given upper bounds since the Milnor number of a singularity of type X p , Y r,s and J 2,p is p, 9 + r + s and 10 + p, respectively.
If C has a quadruple-point, then C cannot have a second non-simple singularity: By Lemma A.3 b), it must contain the line L joining them. But then the residual quintic C ′ = C − L has to have either two triple-points, or a triple-point and a [2; 2]-point with L as distinguished; both options are impossible by Lemma A.3 b) and e), respectively.
Thus, it remains to show that if C has two [3; 3]-points, then they are both non-degenerate and that C is a union of three conics then, meeting tangentially in both points. In fact, as in the proof of Proposition A.7, we can conclude that if C has two [3; 3]-points, then it has at least three rational components and that if it has exactly three, then there are no further singular points. Then either C is the union of three rational conics, or C contains a line. The only possibility for C to contain exactly one line is that C = C 1 + C 2 + C 3 , with C 1 a line, C 2 a rational conic and C 3 a rational cubic. But a rational cubic has an A 1 or A 2 -singularity, which does not contribute to a [3; 3]-point, so that C had to have an extra singular point, a contradiction. Thus, C contains a conic D (which may be the union of two lines). Since the residual quartic C ′ = C − D cannot have a [3; 3]-point, the conic D must pass through both [3; 3] -points in distinguished tangent direction and C ′ has to have two [2; 2]-points where C has its [3; 3]-points. But then C ′ decomposes as a union of two conics meeting tangentially in those two points. Since the intersection number of any pair of these three conics has to be 4 = 2 + 2, the [3; 3]-points have to be non-degenerate.
The quartics are easy to deal with: There is only one quartic with a non-simple singularity, namely, the union of four concurrent lines, giving rise to a single X 9 -singularity, see, e.g., Hui [29] . Alternatively, this also follows from Lemma A.5 since the Milnor number of a non-simple singularity is at least 9 = (4 − 1)
2 . Since this is used in the Macaulay2-code [5, sextics.m2 II.2], note that from Hui's classification we also know that there are quartics with globally two different kinds of A 5 -singularities, namely, some where the higher order directions are non-trivial, and some where they are not.
Appendix B. The Macaulay2-code
We conclude this article with a quick tour through the arguments used in the Macaulay2-code which computes the dimension of the various strata and shows that the components are disjoint. All scripts can be obtained from a GitLab repository [5] . They are inspired by a similar script by Sönke Rollenske.
If the singularities we want a plane curve to have are controlled by a configuration which can be fixed by a suitable automorphism, then the dimension of this component is easy to compute using Macaulay2. One puts all constraints in an ideal and asks the system for a minimal generating set of the module of octics satisfying these equations. An example illustrating this is given in Listing 1. Listing 1. Example without parameters S = QQ [x ,y , z ]; --Homog . coordinat e ring of PP^2 Point = ideal (x , y ) ; --Homog . ideal of (0;0;1) in PP^2 Q u a d r u p l e P o i n t = Point^4; m = super basis (8 , Q u a d r u p l e P o i n t ) --outputs : --| x8 x7y x7z x6y2 x6yz x6z2 x5y3 x5y2z x5yz2 x5z3 x4y4 x4y3z --------------------------------------------------------------------x4y2z2 x4yz3 x4z4 x3y5 x3y4z x3y3z2 x3y2z3 x3yz4 x2y6 x2y5z --
------------------------------------------------------------------
x2y4z2 x2y3z3 x2y2z4 xy7 xy6z xy5z2 xy4z3 xy3z4 y8 y7z y6z2 y5z3 --
------------------------------------------------------------------y4z4 | assert ( numgens source m == 35) ;
It shows that the sub-space of the vector space of octic forms in x, y, z whose associated plane curve has multiplicity at least four in (0; 0; 1) ∈ P 2 is of dimension 35. Thus, their linear system is of dimension 34 and there is an open sub-space V of octics where the quadruple-point is non-degenerate and which has no further nonsimple singularities. Every plane octic curve with a quadruple-point is projectively equivalent to one of those with a quadruple-point in (0; 0; 1). Therefore, the space of octic curves with exactly one quadruple-point and no other non-simple singularities is the quotient V /G, where G ⊂ PGL(3, C) = Aut(P 2 ) is the stabiliser of the point (0; 0; 1). Since the dimension of G is 6, we conclude dim(N 2 ) = 34 − 6 = 28.
When the configuration cannot be fixed by an automorphism, then we have to consider parameters. As an example Listing 2, we consider the case of a [3; 3]-point and a quadruple-point. Up to projective automorphism, there are two distinct configurations; one where the distinguished tangent of the [3; 3]-point points towards the quadruple-point and one where it does not. , i ) ) ; --The condition s that it has a quadruple -point at Q : toBeZero = f % inc ( Q^4) ; t o B e Z e r o C o e f f i c i e n t s = for term in terms toBeZero list l e a d C o e f f i c i e n t ( term ) ; M = matrix for eq in t o B e Z e r o C o e f f i c i e n t s list for g in gens RA list sub ( l e a d C o e f f i c i e n t ( eq // g ) ,A ) ; --For every t = t_0 , the kernel of sub (M ,{ t = > t_0 }) correspo n ds to the space of octic forms with a quadruple -point in Q and a [3;3] -point in P with d i s t i n g u i s h e d tangent direction y -t_0 * x . Thus , the rank of M drops where something interesti n g is happening : d r o p p i n g R a n k C o n d i t i o n s = minors ( numgens target M , mingens image M ) ; assert ( d r o p p i n g R a n k C o n d i t i o n s == ideal (t ) ) ; --Thus , generically , the rank of M is maximal (10 , in fact ) and it drops if and only if t = 0. Furthermore , the differenc e between the octic forms obtained for t = 0 and those arising as limits t --> 0 , t != 0 , correspon d s to the differenc e between the kernels . Kspecial = mingens kernel sub (M ,{ t = >0}) ; Kgeneral = mingens sub ( kernel M , { t = >0}) ; assert isSubset ( image Kgeneral , image Kspecial ) ; assert ( image Kspecial != image Kgeneral ) ; --They give rise to the following octics : special = sub ( matrix { for j from 0 to numgens source Kspecial -1 list sub (f , for i from 0 to numgens target Kspecial -1 list params_i = > Kspecial_ (i , j ) ) } ,{ t = >0}) ; special = sub ( special , S ) ; general = sub ( matrix { for j from 0 to numgens source Kgeneral -1 list sub (f , for i from 0 to numgens target Kgeneral -1 list params_i = > Kgeneral_ (i , j ) ) } ,{ t = >0}) ; general = sub ( general , S ) ; --The line y is contained once in every member of the special locus , but it is contained twice in every member of the general locus : use S ; assert ( special % y == 0 and not special % y^2 == 0 ) ; assert ( general % y^2 == 0 ) ; --Since non -reduced octics are not allowed in this stratum , the components are disjoint .
Since jobs like creating the ideals containing the constraints or building a universal family etc. have to be done multiple times, they are provided as functions in the file [5, octicsFunctions.m2 ]. Explanations how they work can be found in the comments there. For example, there is also a function checking whether a quadruple-point is ordinary. (It blows up once and checks that the discriminant is non-trivial. Therefore, if applied over a coefficient ring which is not a field, it only means that it is generically non-degenerate.) Similarly, there is a function checking if a [3; 3]-point is non-degenerate.
